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QUADRATIC RESIDUES IN Fp2 AND RELATED
PERMUTATIONS INVOLVING PRIMITIVE ROOTS
HAI-LIANG WU
Abstract. Let p = 2n+ 1 be an odd prime, and let ζp2−1 be a prim-
itive (p2 − 1)-th root of unity in the algebraic closure Qp of Qp. We
let g ∈ Zp[ζp2−1] be a primitive root modulo pZp[ζp2−1] with g ≡
ζp2−1 (mod pZp[ζp2−1]). Let ∆ ≡ 3 (mod 4) be an arbitrary quadratic
non-residue modulo p in Z. By the Local Existence Theorem we know
that Qp(
√
∆) = Qp(ζp2−1). For all x ∈ Z[
√
∆] and y ∈ Zp[ζp2−1] we use
x¯ and y¯ to denote the elements x mod pZ[
√
∆] and y mod pZp[ζp2−1]
respectively. If we set ak = k+
√
∆ for 0 ≤ k ≤ p− 1, then we can view
the sequence
S := a2
0
, · · · , a2
0
n2, · · · , a2p−1, · · · , a2p−1n2 · · · , 12, · · · , n2
as a permutation σ of the sequence
S∗ := g2, g4, · · · , gp2−1.
We determine the sign of σ completely in this paper.
1. Introduction
Investigating permutation problems in finite fields is a classical topic in
number theory. First of all, many permutations on finite fields are induced
by permutation polynomials over finite fields. For instance, let p be an
odd prime and let a ∈ Z with p ∤ a. Clearly fa(x) = ax is a permutation
polynomial over Fp. The famous Zolotarev lemma [7] says that the sign
of the permutation on Fp induced by fa(x) coincides with the Legendre
symbol (a
p
). In this line, When k ∈ Z+ and gcd(k, p−1) = 1, the polynomial
gk(x) = x
k is a permutation polynomial over Fp. L.-Y Wang and the author
[5] determined the sign of this permutation induced by gk(x) by extending
the method of G. Zolotarev. In addition, W. Duke and K. Hopkins [1]
generalized this topic. They gave the law of quadratic reciprocity on finite
groups by studying the signs of some permutations induced by permutation
polynomials over finite groups.
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In contrast with the above, Sun [4] investigated some permutations on Fp
which are not induced by permutation polynomials over Fp. For example,
let p = 2n + 1 be an odd prime and let b1, · · · , bn be a sequence of all the
n quadratic residues among 1, · · · , p− 1 in the ascending order. Then it is
easy to see that the sequence
12, · · · , n2. (1.1)
is a permutation τp on
b1, · · · , bn. (1.2)
Here a denotes the element a mod pZ for each a ∈ Z. Sun first studied this
permutation and he proved that
sgn(τp) =
{
1 if p ≡ 3 (mod 8),
(−1)(h(−p)+1)/2 if p ≡ 7 (mod 8),
where h(−p) is the class number of Q(√−p) and sgn(τp) is the sign of τp.
Using this Sun also gave the explicit formula of the product∏
1≤j<k≤ p−1
2
(e2piik
2/p − e2piij2/p).
This product has deep connections with the class number of the quadratic
field Q(
√−p). Readers may see [4] for details. Later the author [6] gave the
sign of τp in the case p ≡ 1 (mod 4). Motivated by Sun’s work, the author
studied a permutation on Fp involving primitive roots modulo p. In fact,
let gp ∈ Z be a primitive root modulo p. Then the sequence
g2p, g
4
p, · · · , gp−1p . (1.3)
is a permutation on the sequence (1.2). And in [6] the author gave the sign
of this permutation in the case p ≡ 1 (mod 4).
In view of the above, we actually investigated the permutations involving
quadratic residues in Fp. Inspired by this, in this paper we mainly focus on
the permutations concerning quadratic residues in Fp2. We first introduce
some notations and basic facts.
Let p = 2n+ 1 be an odd prime, and let ζp2−1 be a primitive (p2 − 1)-th
root of unity in the algebraic closure Qp of Qp. By [3, p.158 Propositon
7.12] it is easy to see that [Qp(ζp2−1) : Qp] = 2 and that the integral closure
of Zp in Qp(ζp2−1) is Zp[ζp2−1].Noting that pZp is unramified in Qp(ζp2−1),
we therefore obtain that Zp[ζp2−1]/pZp[ζp2−1] ∼= Fp2. Let ∆ ≡ 3 (mod 4)
be an arbitrary quadratic non-residue modulo p in Z. Then clearly p is
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inert in the field Q(
√
∆). Hence Z[
√
∆]/pZ[
√
∆] ∼= Fp2. Since Qp(ζp2−1)
and Qp(
√
∆) are both unramified extensions of Qp of degree 2, by the Local
Existence Theorem (cf. [3, p.321 Theorem 1.4]) we see that
Qp(ζp2−1) = Qp(
√
∆).
By the structure of the unit group of local field (cf. [3, p.136 Proposition
5.3]) we have
Zp[ζp2−1]
× = (ζp2−1)× (1 + pZp[ζp2−1]).
Here (ζp2−1) = {ζkp2−1 : k ∈ Z}. Hence we can let g ∈ Zp[ζp2−1] be a primitive
root modulo pZp[ζp2−1] with g ≡ ζp2−1 (mod pZp[ζp2−1]).
For all x ∈ Z[√∆] and y ∈ Zp[ζp2−1] we use the symbols x¯ and y¯ to denote
the elements x mod pZ[
√
∆] and y mod pZp[ζp2−1] respectively. If we set
ak = k +
√
∆ for 0 ≤ k ≤ p− 1, then it is easy to verify that
{a2kj2 : 0 ≤ k ≤ p− 1, 1 ≤ j ≤ n} ∪ {j2 : 1 ≤ j ≤ n}
is a complete system of representatives of (Z[
√
∆]/pZ[
√
∆])×2. And we can
view the sequence
S := a20, · · · , a20n2, · · · , a2p−1, · · · , a2p−1n2 · · · , 12, · · · , n2 (1.4)
as a permutation σp of the sequence
S∗ := g2, g4, · · · , gp2−1. (1.5)
To state our results, we let β0 be the unique integer ∈ {0, 1} satisfying
(−1)β0 ≡ (
√
∆)
p−1
2
ζ
p2−1
4
p2−1
(mod pZp[ζp2−1]). (1.6)
Throughout this paper, we use the symbol sgn(σp) to denote the sign of σp.
Now we are in the position to state the main results of this paper.
Theorem 1.1.
sgn(σp) =


(−1)β0+ p+34 if p ≡ 1 (mod 4),
(−1)h(−p)+12 +β0 if p ≡ 3 (mod 4) and p > 3,
(−1)1+β0 if p = 3.
2. Proof of main results
Recall that ak = k +
√
∆ for k = 0, 1, · · · , p − 1. We need the following
several lemmas involving ak. For convenience, we write pZ[
√
∆] = p.
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Lemma 2.1. Let Ap =
∏
0≤k≤p−1 ak. Then we have
A
(p−1)(p−3)
4
p ≡
{
∆−
p−1
4 (mod p) if p ≡ 1 (mod 4),
(−1) p−34 (mod p) if p ≡ 3 (mod 4).
Proof. Since ∏
0≤t≤p−1
(x+ t) ≡ xp − x (mod pZ[x]),
we have
A
(p−1)(p−3)
4
p =
∏
0≤t≤p−1
(
√
∆+ t)
(p−1)(p−3)
4 ≡ (−2
√
∆)
(p−1)(p−3)
4 (mod p).
Observing that (
√
∆)p−1 ≡ −1 (mod p), one may easily get the desired
result. 
Lemma 2.2. Let Bp =
∏
0≤k≤p−1(1− ap−1k ). Then we have
B
p−1
2
p ≡ 1 (mod p).
Proof. For each k = 0, · · · , p− 1 we have
apk = (k +
√
∆)p ≡ k + (
√
∆)p−1
√
∆ ≡ k −
√
∆ (mod p). (2.1)
Hence we have the following congruences
B
p−1
2
p ≡
∏
0≤k≤p−1
(
1− k −
√
∆
k +
√
∆
) p−1
2
=2p
p−1
2 (
√
∆)
(p−1)2
2
∏
1≤k≤ p−1
2
(
1
k +
√
∆
) p−1
2
(
1
p− k +√∆
) p−1
2
≡
(−2
p
) ∏
1≤k≤ p−1
2
(
1
∆− k2
) p−1
2
(mod p).
Noting that ∏
1≤k≤ p−1
2
(x− k2) ≡ x p−12 − 1 (mod pZ[x]), (2.2)
we obtain that ∏
1≤k≤ p−1
2
(
1
∆− k2
) p−1
2
≡
(−2
p
)
(mod p).
Hence
B
p−1
2
p ≡ 1 (mod p).

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Lemma 2.3. Let Cp =
∏
1≤s<t≤p−1
1
(t+
√
∆)(s+
√
∆)
. Then
C
p−1
2
p ≡
(−2
p
)
(mod p).
Proof. Clearly we have
Cp =
∏
1≤s<t≤ p−1
2
1
(t+
√
∆)(s+
√
∆)
1
(p− t+√∆)(p− s+√∆)
×
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
1
(p− t +√∆)(s+√∆) .
Hence we obtain that
C
p−1
2
p ≡
∏
1≤s<t≤ p−1
2
(
∆− t2
p
)(
∆− s2
p
)
×
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
1
(
√
∆− t)(√∆+ s)
) p−1
2
(mod p).
We first handle the product
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
1
(
√
∆− t)(√∆+ s)
) p−1
2
(mod p).
Noting that ∏
1≤s≤ p−1
2
(x+ s)
∏
1≤t≤ p−1
2
(x− t) ≡ xp−1 − 1 (mod pZ[x]),
we therefore get that∏
1≤t≤ p−1
2
(
√
∆− t) ≡ −2∏
1≤s≤ p−1
2
(
√
∆+ s)
(mod p).
Hence
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
1
(
√
∆− t)(√∆+ s)
) p−1
2
≡
(−2
p
) p−1
2
(mod p). (2.3)
We now turn to the product
∏
1≤s<t≤ p−1
2
(
∆− t2
p
)(
∆− s2
p
)
.
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One can easily verify the following identities
#{(x2, y2) : 1 ≤ x, y ≤ p− 1
2
, x2 + y2 ≡ ∆ (mod p)} (2.4)
=
{
p−1
4
if p ≡ 1 (mod 4),
p+1
4
if p ≡ 3 (mod 4). (2.5)
and
#{(x2, y2) : 1 ≤ x, y ≤ p− 1
2
, x2 +∆y2 ≡ ∆ (mod p)} (2.6)
=
{
p−1
4
if p ≡ 1 (mod 4),
p−3
4
if p ≡ 3 (mod 4). (2.7)
From the above we see that
#{1 ≤ s < t ≤ p− 1
2
:
(
∆− t2
p
)(
∆− s2
p
)
= −1}
=
{
(p−1)2
16
if p ≡ 1 (mod 4),
p−3
4
· p+1
4
if p ≡ 3 (mod 4).
Therefore
∏
1≤s<t≤ p−1
2
(
∆− t2
p
)(
∆− s2
p
)
=
{
(−1) p−14 if p ≡ 1 (mod 4),
1 if p ≡ 3 (mod 4). (2.8)
Then our desired result follows from (2.3) and (2.8). 
Lemma 2.4. Let Dp =
∏
0≤s<t≤p−1(a
p−1
t − ap−1s ). Then we have
D
p−1
2
p ≡


(
√
∆)−
(p−1)2
4 (mod p) if p ≡ 1 (mod 4),
(
√
∆)−
(p−1)2
4 (−1)h(−p)+12 · (2
p
) (mod p) if p ≡ 3 (mod 4) and p > 3,
−(√∆)−1 (mod p) if p = 3.
.
Proof. From (2.1) one may easily verify that
D
p−1
2
p ≡
(
t−√∆
t+
√
∆
− s−
√
∆
s+
√
∆
) p−1
2
=
∏
0≤s<t≤p−1
(
2
√
∆(t− s)
(t+
√
∆)(s+
√
∆)
) p−1
2
≡
(−2
p
) p+1
2
( −1√
∆
) (p−1)2
4
C
p−1
2
p
∏
1≤t≤p−1
(
1
t+
√
∆
) p−1
2 ∏
1≤s<t≤p−1
(t− s) p−12 (mod p).
We first handle the product
∏
1≤t≤p−1
(
1
t+
√
∆
) p−1
2
.
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By (2.2) we see that
∏
1≤t≤p−1
(
1
t+
√
∆
) p−1
2
≡
∏
1≤t≤ p−1
2
(
1
∆− t2
) p−1
2
≡
(−2
p
)
(mod p). (2.9)
We turn to the product ∏
1≤s<t≤p−1
(t− s) p−12 .
It is clear that∏
1≤s<t≤p−1
(t− s) p−12 ≡
∏
1≤s<t≤ p−1
2
(
t− s
p
)(−s + t
p
) ∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(−1
p
)(
t+ s
p
)
≡ (−1) p−12
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
t+ s
p
)
(mod p).
We now divide our proof into the following two cases.
Case 1. p ≡ 1 (mod 4).
Let 1 ≤ w ≤ p−1
2
be an arbitrary quadratic non-residue modulo p. Then
#{(s, t) : 1 ≤ s, t ≤ p− 1
2
, s+ t ≡ w (mod p)} = w − 1,
and
#{(s, t) : 1 ≤ s, t ≤ p− 1
2
, s+ t ≡ p− w (mod p)} = w.
Hence when p ≡ 1 (mod 4) we have
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
t+ s
p
)
= (−1)#{1≤w≤ p−12 :(wp )=−1} = (−1) p−14 (2.10)
Case 2. p ≡ 3 (mod 4).
Let 1 ≤ w ≤ p−1
2
be an arbitrary quadratic non-residue modulo p, and
let 1 ≤ v ≤ p−1
2
be an arbitrary quadratic residue modulo p. Then
#{(s, t) : 1 ≤ s, t ≤ p− 1
2
, s+ t ≡ w (mod p)} = w − 1,
and
#{s, t) : 1 ≤ s, t ≤ p− 1
2
, s+ t ≡ p− v (mod p)} = v.
Hence ∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
t+ s
p
)
= (−1)#{1≤w≤ p−12 :(wp )=−1} · (−1) p
2
−1
8 .
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For each p ≡ 3 (mod 4) let h(−p) be the class number formula of Q(√−p).
When p > 3, by the class number formula we have
(2−
(
2
p
)
)h(−p) = p− 1
2
− 2#{1 ≤ w ≤ p− 1
2
:
(
w
p
)
= −1}.
From this one may easily verify that
#{1 ≤ w ≤ p− 1
2
:
(
w
p
)
= −1} ≡ h(−p) + 1
2
(mod 2).
The readers may also see Mordell’s paper [2] for details.
From the above, we obtain that
∏
1≤s≤ p−1
2
∏
1≤t≤ p−1
2
(
t + s
p
)
=
{
(−1)h(−p)+12 · (2
p
) if p ≡ 3 (mod 4) and p > 3,
−1 if p = 3.
(2.11)
Combining Lemma 2.3, (2.9),(2.10) and (2.11), we obtain the desired result.

Recall that p = 2n + 1 is an odd prime. We let Φp2−1(x) ∈ Z[x] denote
the (p2 − 1)-th cyclotomic polynomial. We also set
F (x) =
∏
1≤s<t≤ p2−1
2
(x2t − x2s)
and
T (x) = (−1) p
2+7
8
(
p2 − 1
2
) p2−1
4
· x (p
2
−1)
4 ∈ Z[x].
We need the following lemma.
Lemma 2.5. Φp2−1(x) | F (x)− T (x) in Z[x].
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Proof. It is sufficient to prove that F (e2pii/(p
2−1)) = T (e2pii/(p
2−1)). We first
compute F (e2pii/(p
2−1))2. We have the following identities
F (e2pii/(p
2−1))2 =
∏
1≤s<t≤ p2−1
2
(e2pii2t/(p
2−1) − e2pii2s/(p2−1))2
=(−1) (p
2
−1)(p2−3)
8 ·
∏
1≤s 6=t≤ p2−1
2
(e2pii2t/(p
2−1) − e2pii2s/(p2−1))
=
∏
1≤t≤ p2−1
2
x
p2−1
2 − 1
x− e2pii2t/(p2−1)
∣∣∣
x=e2pii2t/(p
2
−1)
=
(
p2 − 1
2
) p2−1
2 ∏
1≤t≤ p2−1
2
e−2pii2t/(p
2−1) = −1 ·
(
p2 − 1
2
) p2−1
2
.
Hence F (e2pii/(p
2−1)) = ±i · (p2−1
2
)
p2−1
2 . We now compute the argument of
F (e2pii/(p
2−1)). Noting that for any 1 ≤ s < t ≤ (p2 − 1)/2 we have
e2pii2t/(p
2−1) − e2pii2s/(p2−1) = e2pii(t+s)/(p2−1)(e2pii(t−s)/(p2−1) − e−2pii(t−s)/(p2−1)),
we therefore obtain that
Arg(e2pii2t/(p
2−1) − e2pii2s/(p2−1)) = 2pi
p2 − 1(t+ s) +
pi
2
.
From this we have
Arg(F (e2pii/(p
2−1))) =
∑
1≤s<t≤ p2−1
2
(
2pi
p2 − 1(t+ s) +
pi
2
)
=
(p2 − 1)(p2 − 3)pi
8
+
2pi
p2 − 1 ·
∑
1≤s<t≤ p2−1
2
(t+ s)
=
(p2 − 1)(p2 − 3)pi
8
+
pi
p2 − 1 ·
( ∑
1≤s,t≤ p2−1
2
(t+ s)−
∑
1≤t≤ p2−1
2
2t
)
≡− pi
2
+
p2 − 1
8
pi (mod 2piZ).
Therefore
F (e2pii/(p
2−1)) = i(−1) p
2+7
8
(
p2 − 1
2
) p2−1
4
= T (e2pii/(p
2−1)).
This completes the proof. 
We are now in the position to prove the Theorem 1.1.
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Proof of Theorem 1.1. Let S = {α1, · · · , αn} be a finite subset of a finite
field and let τ be a permutation on S. Then it follows from definition that
the sign of τ denoted by sgn(τ) is∏
1≤s<t≤n
τ(αt)− τ(αs)
αt − αs .
From this we see that under the canonical isomorphism defined in the in-
troduction
sgn(σp) =
∏
1≤s<t≤ p2−1
2
g2t − g2s
σp(g2t)− σp(g2s)
.
We first handle the numerator. For convenience, we set B = pZp[ζp2−1].
Clearly Φp2−1(x) mod pZp[ζp2−1][x] splits completely in Zp[ζp2−1]/B[x]. Since
g ≡ ζp2−1 (mod B), by Lemma 2.5 we have
∏
1≤s<t≤ p2−1
2
(g2t − g2s) ≡ −
(
2
p
)(
p2 − 1
2
) p2−1
4
g
p2−1
4 ≡ −
(
2
p
)(−2
p
) p+1
2
g
p2−1
4 (mod B).
(2.12)
We now turn to the denominator. It is easy to verify that∏
1≤s<t≤ p2−1
2
(σp(g
2t)−σp(g2s)) ≡ A
(p−1)(p−3)
4
p B
p−1
2
p D
p−1
2
p
∏
1≤s<t≤ p−1
2
(t2−s2)2 (mod p).
By [4, (1.5)] we have∏
1≤s<t≤ p−1
2
(t2 − s2)2 ≡ (−1) p+12 (mod p). (2.13)
Combining Lemma 2.1–2.4 and (2.13), we obtain that
∏
1≤s<t≤ p2−1
2
(σp(g
2t)− σp(g2s)) ≡


−∆− p−14 (√∆)− (p−1)
2
4 if p ≡ 1 (mod 4),
(−1)h(−p)−12 (√∆)− (p−1)
2
4 if p ≡ 3 (mod 4) and p > 3,
−(√∆)−1 if p = 3.
(2.14)
Let
√
∆ ≡ ζαp2−1 (mod B) for some α ∈ Z. Since (
√
∆)p−1 ≡ −1 (mod B),
we obtain that
(p− 1)α ≡ p
2 − 1
2
(mod p2 − 1).
Hence
α ≡ p+ 1
2
(mod p+ 1).
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We set α = p+1
2
+ (p+ 1)β. Then we have
(
√
∆)
p−1
2 ≡ ζ
p2−1
4
p2−1 ζ
p2−1
2
β
p2−1 (mod B).
From this we get
(−1)β ≡ (
√
∆)
p−1
2
ζ
p2−1
4
p2−1
(mod B).
Therefore β ≡ β0 (mod 2). Here β0 is defined as in (1.6). We divide the
remaining proof into three cases.
Case 1. p ≡ 1 (mod 4).
By (2.12) and (2.14) we have
sgn(σp) ≡ g
p2−1
4
+ p−1
2
α+ (p−1)
2
4
α (mod B).
Replacing α by p+1
2
+ (p + 1)β and noting that g
p2−1
2 ≡ −1 (mod B), we
obtain that when p ≡ 1 (mod 4)
sgn(σp) = (−1)β0+
p+3
4 .
Case 2. p ≡ 3 (mod 4) and p > 3.
Similar to the Case 1, we have
sgn(σp) ≡
(
2
p
)
g
p2−1
4 (−1)h(−p)+12 g (p−1)
2
4
α (mod B).
Then via computation we obtain that
sgn(σp) = (−1)
h(−p)+1
2
+β0.
Case 3. p = 3.
In this case it is easy to see that
sgn(σ3) = (−1)1+β0.
In view of the above, we complete the proof. 
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